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Abstract— Four electrode techniques have long been used to deter-
mine conductivity parameters in cardiac tissue. This paper introduces
a mathematical model and solution technique to theoretically analyse
electrode configurations, specifically allowing for plunge electrodes. In
particular, the focus is on using four electrode configurations to deter-
mine fibre rotation in cardiac tissue. Two configurations are analysed,
the first with the four electrodes collinear and the second consisting of
two probes a fixed distance apart, with the current electrodes on one
probe and the measuring electrodes on the other. It is found that the sec-
ond electrode configuration can yield a value for the fibre rotation under
the assumptions of the model.

Keywords— Bidomain model, electrodes, electromagnetic field simu-
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I. INTRODUCTION

It has been shown previously that cardiac tissue anisotropy
plays a vital role in several aspects of electrocardiography;
for example, in modelling ST segment shift in subendocar-
dial ischaemia [1], [2], [3] and in studies of defibrillation ef-
ficacy [4]. One part of this anisotropy comes from the dif-
fering electrical conductivity in the intra- and extracellular
spaces, both longitudinally and transversely. Another part of
this anisotropy comes from the fact that the sheets of fibres ro-
tate relative to one another as they move from the epicardium
to the endocardium.

Much work has been carried out to try to determine the
above conductivity values [5], [6], [7]. Generally, these meth-
ods are based on the cable model of electric propagation
through the tissue and the conductivity values are determined
either from measurement of the amplitudes of the intracellular
and extracellular action potentials, or by independently mea-
suring the longitudinal and transverse action potential propa-
gation velocities [8].

Another approach has been the use of a multi-electrode
model to determine the conductivity values. The original
idea of Plonsey and Barr [9] is to use a four electrode de-
vice placed on the epicardium, firstly along the fibres and sec-
ondly at right angles to them. An extension of this idea by Le
Guyader et al. [10] involves using a probe consisting of two
orthogonal rows of four electrodes [11]. The spacing of the
electrodes is of the order of the length constant of the fibres.
This probe is also placed on the epicardium and AC currents
of varying frequency are injected. The conductivity parame-
ters are calculated using a minimisation procedure which also
yields other electrical properties of the tissue, such as junc-
tion capacitance and junction conductivity. Recently, Barr
and Plonsey [12] have proposed using a single vertical probe,
containing a combination of optical transmembrane potential
sensors and extracellular electrodes, to find cardiac conduc-
tivities. However, none of these methods can determine the

fibre rotation within the cardiac tissue.
Generally, fibre rotation has been determined from detailed

morphological studies [13] or by actually slicing away the
fibres layer by layer [14]. Such studies are difficult and time-
consuming.

The recent advent of silver wire plunge electrodes [15],
which can be placed in the cardiac tissue without causing sig-
nificant injury currents, has provided the opportunity to em-
ploy new electrodes and new methodologies to determine the
rotation of cardiac fibres. Here, two four electrode techniques
are proposed and analysed theoretically as potential methods
for finding the degree of fibre rotation. The first consists of
one probe, containing four electrodes, which is injected into
the cardiac tissue. The second involves placing two probes
into the tissue, the first probe providing fixed current sources
and the second measuring the resulting potential.

In the next section, a mathematical model, which takes ac-
count of many features of the cardiac tissue, is proposed and a
solution method is discussed. The following section presents
results of the numerical simulation as well as a methodol-
ogy for using these electrodes to determine the fibre rotation.
There is also a discussion of the potential of these methods.
Finally, there is a discussion of the limitations of the mathe-
matical model and some future directions.

II. METHODS

A. Governing Equations

Since the idea of the proposed method is to measure the lo-
cal fibre rotation, it is assumed that the cardiac tissue can be
represented by a block of tissue, finite in the x and y direc-
tions with a length of 2L in each direction. It is also assumed
that the epicardium is represented by the plane at z = 0 and
the endocardium is represented by the plane at z = 1, which
is in contact with a volume of blood extending to ∞ in the
positive z direction.

A bidomain model [16], [17], [18] is used to account for
the intracellular and extracellular regions of the tissue. The
bidomain equations for the intracellular and extracellular po-
tentials, φi and φe, respectively are

∇ · (Mi∇φi ) = β/Rm(φi − φe) (1)

∇ · (Me∇φe) = −β/Rm(φi − φe) − Is (2)

where β is the surface to volume ratio of the cells, Rm is the
specific membrane resistance, Is is an external current source
per unit volume and Me , Mi are conductivity tensors which
reflect anisotropy in the cardiac tissue.
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Finally, in the blood, which is a source-free region, the
electric potential, φb, is governed by Laplace’s equation

∇
2φb = 0. (3)

B. Conductivity Tensor

The electrical anisotropy of cardiac tissue comes from the
fibrous nature of the tissue, with electrical conductivity be-
ing greater along the fibres than across them. Hence, four
conductivity values are required: σi

l
, σi

t
, σe

l
, σe

t
, where the su-

perscripts i and e refer to the intra- and extracellular domains
respectively, and the subscripts l and t refer to the longitudi-
nal and transverse directions respectively.

It will be assumed that the rotation of the fibres varies lin-
early with depth [19] and that the fibre layers are parallel to
the epicardium [14]. These assumptions imply that the con-
ductivity tensors can be written as
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where k = i or e, c = cosψ(z) and s = sinψ(z) and
ψ(z) = αz, where α is the total fibre rotation angle through
the tissue which lies between 0 and 180◦ [13]. The model
assumes that the fibres on the epicardium are aligned with the
positive x-axis and the fibre sheets rotate anticlockwise from
the epicardium to the endocardium.

C. Boundary Conditions

To solve the differential equations (1), (2) and (3) a set
of boundary conditions is required. Assuming that the epi-
cardium is insulated means that

at z = 0;
∂φe

∂z
=
∂φi

∂z
= 0. (5)

Further, at the interface between the tissue and the blood,
there is continuity of extracellular potential and current, but
the intracellular space is insulated by the extracellular space
[20]; that is,

at z = 1;φe = φb, σb

∂φb

∂z
= σe

t

∂φe

∂z
,
∂φi

∂z
= 0. (6)

Since the blood mass is assumed infinite in the positive z-
direction, φb → 0 as z → ∞. Finally, the x and y boundaries
of the domain are insulated so the derivatives of φe and φi in
the x and y directions at these boundaries are zero.

D. Solution Method

Assume φe and φi are given by

φk(x, y, z) =

∞
∑

n=0

∞
∑

m=0

Ck

nm(z) cosmπy cosnπx

+Dk

nm(z) sinmπy cosnπx

+Ek

nm
(z) cosmπy sinnπx

+ F k

nm(z) sinmπy sinnπx

(7)

for k=i or e and substitute these into the differential equa-
tions. This gives a coupled system of ordinary differential
equations in z for the coefficients Ck

nm
(z), Dk

nm
(z), Ek

nm
(z)

and F k
nm

(z). These ordinary differential equations need to be
solved numerically and this is achieved using a simple one di-
mensional finite difference method. Application of the finite
difference method yields a banded system of linear algebraic
equations which are solved using standard techniques [21] to
give the required coefficients. Once the coefficients are found,
the potentials can be obtained by summation of the above se-
ries.

The advantage of this approach over a full numerical ap-
proach or a Fourier Transform approach [1], [2], [10] is that
the potentials are calculated only at points at which they are
required. In particular, it is only necessary to calculate the
potentials at the measuring electrodes.

E. Electrode Configurations

The idea of this paper is to theoretically analyse electrode
placements to determine fibre rotation in cardiac tissue.

As a simple first example, consider the single probe con-
taining four electrodes, shown in Fig. 1. The probe is inserted
into the cardiac tissue normal to the epicardium, and consists
of two current source electrodes and two electrodes measur-
ing the potential difference. The probe is the direct analogue
of that proposed by Plonsey and Barr [9], except that here it is
inserted into the cardiac tissue instead of lying along the sur-
face. For the purpose of the simulations presented here, the
distance between the current injection electrodes is set at 600
µm with the potential measurement electrodes 200 µm apart,
placed evenly between the current electrodes. The top current
injection electrode was placed 3mm and later 7mm below the
epicardium.

As a second example, consider a new four electrode con-
figuration. The configuration consists, firstly, of two cur-
rent sources placed on a probe and inserted a fixed distance
into the cardiac tissue (Fig. 2). A second probe is used to
record the electric potential generated by the current source.
The measuring electrodes on this probe correspond exactly to
those in Fig. 1, except that the second probe is moved a fixed
distance away in the x direction. This electrode configuration
differs from previous four electrode configurations [9], [10]
in that the four electrodes are no longer collinear. For the
simulations performed, the two probes are placed a distance
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Fig. 1. Schematic diagram for the single probe configuration. Diagram is
not to scale.
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Fig. 2. Schematic diagram for the two probe configuration. Diagram is not
to scale.

of 200 µm apart and the top current electrode is placed at a
series of distances below the epicardium.

The two electrode configurations proposed above will be
used to study the effects of fibre rotation on the potential dif-
ference between the two measuring electrodes.

F. Modelling Parameters

The method outlined here is based on the assumption that
the longitudinal and transverse electrical conductivity values
in both the intra- and extracellular spaces are known already.
For the purpose of the simulations presented here, these con-
ductivity values are taken to be σi

l
= σe

l
= 0.0026 S/cm,

σi
t = 0.00026 S/cm and σe

t = 0.00104 S/cm. This provides a
nominal set of conductivities, found using Roth’s [22] recipe,
based on σi

l
calculated as the mean value of data from Clerc

[5], Roberts et al. [6] and Roberts and Sher [7]. The conduc-
tivity of blood, σb, is taken to be 0.0067 S/cm. The block of

tissue modelled was 1 cm thick and 2 cm in each of the x and
y directions (that is, L=1). The values of Rm=9100 Ω cm2

and β=2000 cm−1 are from Weidmann [23] and Plonsey and
Barr [9] respectively. A 5 µA current Is is applied.

III. RESULTS AND DISCUSSION

Firstly, the potential difference is calculated at the measur-
ing electrodes on the single probe described above. It was
found that, for each fibre rotation considered, there was no
difference in the potentials recorded. Hence, this type of
electrode would be of no use in determining the fibre rota-
tion through the cardiac tissue. This is perhaps not surprising
as any needle inserted in the fashion described above would
form an axis of rotation for the fibres.

Fig. 3 shows plots of the potential difference on the mea-
surement electrodes for the two probe configuration, plotted
as a function of fibre rotation. The maximum fibre rotation
considered was 180◦, as this was believed to be the highest
degree of fibre rotation observed [13]. Each line in the plot
corresponds to a different depth of the top current electrode.
The plot shows two distinct types of lines. When the elec-
trodes are inserted to a point in the upper half of the tissue
(z < 0.5), the curve is a monotonically decreasing function
of the degree of fibre rotation. However, when the electrodes
are inserted to a point in the lower half of the tissue (z > 0.5),
then the curve reaches a minimum and then starts to increase
again. From this figure it can be observed that if the elec-
trodes were inserted to a point in the upper half plane and a
potential difference recorded, then a unique value for the fibre
rotation throughout the whole tissue could be obtained using
the appropriate curve in the figure.

IV. CONCLUSIONS

This paper has presented an in-principle method for deter-
mining cardiac tissue fibre rotation, based on a mathematical
model of the cardiac tissue and a four electrode measuring
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Fig. 3. Potential differences measured using the two probe approach for
varying degrees of fibre rotation and depth of the top current injection
electrode.
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system using two vertical probes. The idea is to use the model
to determine a plot of potential difference versus fibre rotation
at a given depth of the top current electrode, then measure
the potential difference using the electrode configuration de-
scribed and read off the fibre rotation from the plot.

The proposed method does have some limitations; the prin-
cipal one is that the method can only be applied in the region
of the ventricular wall where the fibre sheets are almost par-
allel to the epicardium [14]. However, near the base and the
apex of the heart, this assumption is no longer valid. Sec-
ondly, it may not be the case that the fibre rotation varies
linearly with depth; however, this is a reasonably common
assumption used in modelling [19]. To overcome this prob-
lem, it may be necessary to make recordings at more than one
depth.

This two probe configuration is not the only one that allows
fibre rotation to be determined. For example, the ‘widely-
spaced’ electrode set of Barr and Plonsey [12], adjusted so
that the current and measuring electrodes are on separate
probes, is suitable, as is the two probe configuration discussed
above but with a wider probe separation, say 1 mm. However,
it was found that the closer probe separation produced poten-
tial differences in the millivolt range as compared with the
tenth of millivolt range at wider separations.
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