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Abstract—We develop three parametric models for
electroencephalography (EEG) to estimate current sources
that are spatially distributed on a line. We assume a realistic
head model and solve the EEG forward problem using the
boundary element method. We present the models with
increasing degrees of freedom, provide the forward solutions,
and derive the maximum likelihood estimates as well as
Cramér-Rao bounds of the unknown source parameters. A
series of experiments are conducted to evaluate the applicability
of the proposed models. We use numerical data to demonstrate
the usefulness of our line-source models in estimating extended
sources. We also apply our models to the real EEG data of N20
response that is known to have an extended source. We observe
that the line-source models explain the N20 measurements better
than the dipole model.

Keywords — EEG, extended source modeling, Crarer-Rao
bounds

I. INTRODUCTION

Electroencephalography (EEG) is a non-invasive techniq@'g'cﬁ/i mgg’es‘lfr?é')o{‘/;\f/,fz'?n?égf gre‘z'sé‘;”gggnﬂogf'; O(f‘e) dCengl'\s"_ model, (b)
to analyze the spatial and temporal activities in the brain.
It has a high temporal resolution on the order of a few

milliseconds and can be used in clinical applications [1] a&s a high computational cost. The ill-posed problem can be

well as neuroscience [2]. The EEG inverse problem consistgkled by using regularization techniques [7] and iterative

of inferring the locations and signals of the underlying neurgdcalization approaches [8], but these methods still have high

activities from the electric potentials measured on the scalpmputational load for sophisticated source models [6].

with a sensor cap. It is ill-posed, and prior constraints need to|n this paper, we present three parametric line-source mod-

be applied to obtain a unique solution [3]. els for EEG assuming a realistic head model, extending our
Choosing an appropriate source model is an important sig@vious work on magnetoencephalography (MEG) source

in solving the inverse problem. Most often, it is assumeghodeling [9]. In Section II, we describe the line-source models

that the source is small compared with its distances to thAd the corresponding EEG forward models in a kernel-

sensors and thus a current dipole is used to model it [4], [Fhatrix form. In Section I, we derive the maximum likelihood

Clearly, this approach is valid only if the electric activity isestimates (MLEs) and the Cr&mRao bounds (CRBs) of the

confined to a very small area. Multiple dipoles might be usefuhknown parameters. We give numerical examples in Section

for modeling more separated and individually concentrateg and conclude this paper in Section V.

sources, where it is critical to obtain a correct estimate of

the number of sources, and the estimation performance will Il. SOURCE AND MEASUREMENTMODELS

degrade if the electric activities are spread over a large aredVe present below three parametric line-source models with

[3]. Distributed source models reconstruct the brain actiiacreasing degrees of freedom and provide the EEG forward

ities on a 3-D grid where each point is considered asraodels in a uniform kernel-matrix form.

possible location of a current dipole source, therefore the

restriction on the number of dipoles can be removed [3], . ]

[6]. However, this approach is highly underdetermined a,fgonstant-radms Constant-moment (CRCM) Model: In this

model, the source position is an arc with an arbitrary orien-

This work was supported by the National Science Foundation Grant Cc‘ﬁtion on a spherical surface: it has a fixed distance from the

0105334. head center, its azimuth varies within a certain interval, and
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its elevation changes linearly with the azimuth. The sour

moment is assumed to be uniformly distributed along the anei(t) the moment parameterg, (¢) the measurementsl(

see Fig. 1a. Using spherical coordinates witiepresenting the
distance from the centeg, the elevation, and the azimuth,
we have

J(r,t) = q(t)o(p —po)d(€ —&o — pw)
x[u(p — 1) — u(e — p2)], 1
q(t) = [g=(t), qy(t), q-()]", (2)

wherepg is the fixed radiusy; and ¢, the azimuth limits,
and &, the constant elevation. The slope determines the
source orientation, and(y) is the unit step function defined
asu(p) = 1 for ¢ > 0 and u(p) = 0 for » < 0.

Thus, in this model the unknown position parameter vector

is Op = [va 507 P, P1, ()DQ]T-
Variable-position Constant-moment (VPCM) Model: This

oehere the vecto@,, represents the source location parameters,

6y)
the array response matrix, aed(¢) the additive noise.

The termsA(0,), 6,, andm(t) assume different expres-
sions for different line-source models; see [11] for more
details. Furthermored(6,,) is always in the form of

A(ep) = HE(D + H)TV(OP)7 9)
where ‘" represents the pseudoinverse. Each entry of matrices
Hy, D and H is a surface integral on a certain tessellation
element, depending only on the EEG sensor configuration and
the head geometry. Therefore, source parameters only appear
in V, which is desirable for reducing the computational cost.

Il. M AXIMUM LIKELIHOOD ESTIMATES AND

CRAMER-RAO BOUNDS

model provides more degrees of freedom for the sourceWe use the maximum likelihood method to estimate the
position than the CRCM model: the source position is allowesburce parameter®, and m(t). Assuming zero-mean Gaus-
to be a parametric curve in 3-D space instead of an arc orsian noise that is spatially and temporarily uncorrelated, the

spherical surface; see Fig. 1b. We represent the source posiitE of 6,

in Cartesian coordinates as

p(s) = [pa(5), py (), p: ()], 3)

wheres is the curve parameter with limitg ands». Accord-
ingly, the source current density becomes

s € [s1,82],

J(r,t) =
{ q(t) r= [px(s)vpy(s)vpz(s)]T’s S (31752)7 (4)
0 elsewhere
q(t) = [g=(t), qy(t), ¢ ()] (5)

Variable-position Variable-moment (VPVM) Model: This
is the most general model: the source position consists o

parametric curve and the source moment is allowed to varyThe crangr-
along the position; see Fig. 1c. Hence, the current density |

J(r,t) =
{q( ) T_me( ( pz( )] 56(51752)7(6)
0 elsewhere
a(s,t) = [ga(s, 1) ay(s,1),4: (s, )] (7)

B. Measurement Model

is [4], [9]
0, = argmmz 0,)y(t), (10)
where
K
y(t) = /K> y,(b), (1)
k=1
P(gp) = A(op [A(ap)TA(gp)]_lA(ep)T- (12)
The MLE of m(t) is
fa mh(t) = [A(6,)" A(8,)] " AB,) g(1). (13)

Rao bound is a lower bound on the covariance
& any unbiased estimator. It is independent of the algorithm
used for the estimation and thus establishes a universal per-
formance limit [12]. Let® = (01, m(1)7,...,m(N,)T]T
represent all the unknown source paramei@ise an unbiased
estimator of, andZ () denote the Fisher information matrix
(FIM). The Cranér-Rao inequality establishes that
=7749).

E{(6 — 8)(6 —6)"} > CRB(6) (14)

We use the boundary element method [5], [10] to solve the
EEG forward problem for a realistic head model. We pose For the measurement model (8), assummg zero-mean Gaus-
the quasi-static Maxwell's equations as 2-D integrals on gian noise with covariance matriX = o7l . the Fisher
inter-layer surfaces in the head and tessellate each surfdf@rmation matrix is

into small triangular elements. We approximate the electric Tpp I
potentials by a linear combination of basis functions and solve ~ Z(6) = | 77 /% } (15)
the boundary integrals using the weighted residual technique. ® ;q (1) (N)
We have shown in [11] that for each source model, considering 7 ppl I . 0 £
K independent trials andVy time samples, the measured _ K ap(1) ad (16)
potentials at time in the kth trial can be written as: oF ’
y,(t) = A@,)m(t) +ex(t), t=1,...,Ny, k=1,...,K, Tap(Ne) 0 Zaa
(8) where
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N, TABLE |
Ipp = Z Dg(ﬂp)[(m(t)mT(t)) ® ImE]DA(Bp),a?) COMPARISON OF ESTIMATION PERFORMANCE USING SIMULATED DATA
t=1 THE SOURCE IS ASSUMED TO LIE ON A STRAIGHT LINE BETWEEN
qu(t) = AT(BP)(mT(t) ® ImE)DA(ep): (18) [12,15,60]mm AND [40, 40, 52Jmm. THE SOURCE MOMENT DENSITY IS
= —s2 +400nA, g, = 200nA,
Iqq — AT(OP)A(OP), (19) CHO;EN TO BEq, s° + n Qy n AND
q> = —s* + 2s + 300nA, WHERE s IS THE CURVE PARAMETER
I is anmy x my identity matrix, “®” denotes the Kronecker
product [14], andD 4 (8,,) is defined as [4], [9] Source model| No. of para. | MSE(V?) | AIC
Dipole 6 1.65 108.77
» Oveq(A(6,)) CRCM 8 1.32 103.16
Da(6y) = 007 ‘ (20) VPCM 9 0.91 96.27
P VPVM 15 0.63 101.29
Utilizing the structure ofA(8,,) in (9), we rewriteD4(0,,) as
8ve A 0 o (a) CRB on the Azimuth Limit 1 :: (b)  CRB on the Depth Parameter p,
Da(o,) = 2eAA8)) (1) - :
00, e *
-, ovedV (8 B e
= (T @ (Ho(D+ 1)) - 220 EO)) oy 1
BBP 03 :
wheren,, is the number of unknown position parameters anc , __————" | % P
I,,, is ann, x n, identity matrix. In this way, we need to e

calculate only the second part of (22) for any possilg Fig. 2. The Crarér-Rao bounds on the unknown source position parameters

reducing the computational cost to obtain CRBs for a certaffi the CRCM model (SNR=20dB). (g} = 85mm, §, = 45°, p = 0, and
subject 2 = 60°; (b) & = 45°, p =0, 1 = 20°, andp2 = 60°.

IV. NUMERICAL EXAMPLES o i
We analyzed the estimation accuracy and model fitness

We conducted a series of experiments to demonstrate ﬁk‘?ng the mean-squared error (MSE) and the Akaike’s in-
applicability of the proposed models in estimating the lingy mation criterion (AIC) [15]. The AIC penalizes the log-
sources. We used a three-layer realistic head model compoggdihood function for additional source parameters, and hence
of the brain, skull, and scalp, and assumed the conductiyscounts for the trade-off between model complexity and

ity values to be0.33Q~'m™" for the scalp and brain, andaccyracy. For normally distributed noise with variande
0.0042Q~'m~! for the skull [10]. The inter-layer surfaces

were tessellated into a total of 9290 triangles (2884 on the AN E 2 Zf’:tl —1€5
brain, 3240 on the skull, and 3166 on the scalp) through*IC = In((2m)™ ™" 0%) + o2 +2g,
MRI (Philips, Hamburg, Germany). We used an EEG cap (23)
consisting of 32 electrodes (Philips, Hamburg, Germanyyhereg is the number of unknown parameters, ant) is the
whose positions are adjusted for each subject. For the BEWise at theth time sample in thgth trial. Hence, a smaller
we used linear discretization [5] and chose the weightifyC value indicates a better fit of the model.

jo1e] (tes(t)

function in a collocation form. The simulation results are shown in Table |I. We observe
that the line-source models have smaller MSEs and AICs than
A. Results Using Numerical EEG Data the dipole model, showing that line-source models can explain

and calculated the CRBs for the CRCM model. Throughogtfficiently.
the experiments in this subsection, we selected the noise?) Cramér-Rao bound results: We computed the CRBs for
variance to obtain a signal-to-noise ratio (SNR) of 20dghe CRCM model, and analyzed the bounds on the variance

We define SNR asSNR = 10log((321"E s2)/02), where of the position parameters in order to investigate the effects

i=1°1

22— Ly N0 (t) is the signal power at théh sensor. of the source length and depth on the estimation performance.

Z 1) gtompt)a;isgh of different models: We assumed We chose a moment densigy= [100, .1007.100]%'6} and set
source that lies along a straight line betwegny,z] = = 0. The CRB results are shown in Fig. 2. Fig. 2a is the
[12, 15, 60)mm and|z, y, 2] = [40,40, 52]mm. It has a length CRB for o1 with po = 85mm, &, = 45°, andp, = 60°; and
of 38mm and a larger change in the elevation than the azimufig- 20 forpo with § = 45°, ¢, = 20°, and g, = 60°.

We chose the moment density(s) = [q,(s), q,(s), q.(s)] We observed from the CRB values that

with ¢, = —s? +400nA, ¢, = 200nA, andq, = —s? + 2s + « Longer sources result in smaller CRB on the azimuth
300nA, so that it is small at the ends and large at the center. limit; that is, it is easier to estimate longer sources. Fig.
We applied the VPVM model to generate the EEG data and 2a shows that we can estimate with standard deviation
estimated the source parameters using all the proposed line- less than 3 for a source longer than 12mm, at a depth
source models as well as the dipole source model. of po = 85mm and elevatiorf = 45°.
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TABLE ||

ESTIMATION PERFORMANCE RESULTS FOR REAEEGMEASUREMENTS

OF N20 RESPONSES

Subject A B C D

MSE (dipole) #V2) | 3.54 | 1.26 | 2.69 | 1.98
MSE (VPVM)(uV?) | 2.76 | 1.04 | 2.20 | 1.35
Error decreased’t) 22 17 18 31
Est. source length (cm) 2.34 | 1.89 | 2.56 | 2.14

(a) (b)

© (d)

the MSE and AIC values. The main results can be summarized
as follows:

o Numerical results showed that the proposed line-source
models perform better than the dipole source model for
extended sources.

« The CRB of the position parameters indicated that longer
sources result in better estimation accuracy, and deeper
sources produce poorer performance.

« The proposed models explained the real EEG measure-
ments of N20 responses better than the dipole source
model.

Among the possible extensions of the present work is the
surface-source modeling for EEG. It is useful especially for the
epileptic sources that are usually extended over a large area.
With enough prior information, we may improve the model-
ing precision and estimation performance by choosing basis
functions (see details in [11]) according to the tissue shape
information obtained from MRI instead of using polynomials.
Furthermore, we can also incorporate more complex noise
models (e.g., unknown spatially correlated noise) and obtain
the MLEs of the unknown parameters using the extended

GMANOVA technique as in [4].

Fig. 3. Estimated line and dipole sources for real EEG measurements P{]
N20 responses (in the brain mesh).

(2]

« Deeper sources produce larger CRBs of the depth comp%-]
nentpy. We can infer from Fig. 2b that the source depth
can be estimated with less than 3mm error if the source is
more than 70mm away from the head center. Thereforé!!
deeper sources result in worse estimation accuracy.

(5]

B. Results Using Real EEG Data

We now present results using real EEG measurements [Bf
N20 response from four healthy human subjects. The data were
recorded over the contralateral somatosensory cortex whes
square-wave current pulses of 0.2ms were delivered to the
right or left wrist at a stimulation rate ofHz. The data were i8]
sampled at 5000Hz with B500Hz anti-aliasing low-pass filter,
resulting in 250 time samples for each subject.

We applied the VPVM model and the dipole model tol
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