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Introduction

Measuring the dielectric properties conductivity and

relative permittivity of biological tissues is important

to understanding how electromagnetic fields interact

with biological systems. Moreover, these two physical

quantities are essential to apply new imaging modalities

for medical purposes [1, 2]. When applying impedance

methods to biological tissues, electrical current may flow

in a certain direction which is determined by the directional

dependence (also known as anisotropy) of the conductivity

and relative permittivity. For example, in muscle tissue,

the anisotropy is determined by the orientation of the

muscle fibers [3,4] and in vivo study in rat muscle reported

a 10 times difference between longitudinal (current flow

along the muscle fibers) and transverse (current flow

perpendicular to the muscle fibers) conductivity values [5].

Currently available impedance approaches for measuring

in situ the anisotropy dielectric properties are based on the

following assumptions:

(i) The anisotropic material is purely conductive and so

the relative permittivity is zero.

(ii) The four-electrode probe is aligned in the direction

determined by the known anisotropy.

However, (i) tissues have non-zero relative permittivity, and

(ii), positioning the four-electrode probe in longitudinal

and transverse directions with accuracy may be difficult de-

pending on the a priori knowledge of the anisotropy. Here,

new electrical impedance methods are presented for mea-

suring in situ the dielectric properties of anisotropic tissues

[6]. The new methods allow us to estimate the anisotropy

in both the conductivity and relative permittivity and do

not require to align the four-electrode probe in any pre-

specified direction.

Methods

We extend the major result of Rush’s work [7]. To make

the analysis feasible, we consider the same anisotropy ratio

α2 in the conductivity σ (S m−1) and relative permittivity

εr (dimensionless) properties in longitudinal (L) and trans-

verse (T) directions, i.e. α2 := σT/σL = εr,T/εr,L. In this

case, the electric potential V (V) can be written as follows

V =
κα I

K |rα |
, (1)

where I (A) is the total current; K ∈ {2π,4π} is the con-

stant factor (dimensionless) for semi-infinite R3
− and infi-

nite R3 domains, respectively; κα :=
√

κLκT (Ω m) is the

geometric mean impedivity (Ω m) computed using the lon-

gitudinal (L) and transverse (T) impedivity κ{L,T}, defined

as

κ{L,T} := ρ{L,T}+ jτ{L,T} (2)

where the real part ρ = (σ +(ωε0εr)
2/σ)−1 and imaginary

part τ = − j(σ2/ωε0εr +ωε0εr)
−1 of the impedivity are

the resistivity and reactivity (Ω m), respectively; ε0 is the

vacuum permittivity (F m−1); ω is the angular frequency

(rad s−1); and j2 = −1 is the imaginary unit (dimension-

less). The apparent impedivity κa measured with a four-

electrode probe placed on the surface of the semi-infinite

domain (see schematic in fig. 1) follows,

κa(θ) = ρa(θ)+ jτa(θ) =
κL

lα,θ α
(3)

where lα,θ :=
√

cos2 θ +α2 sin2 θ (dimensionless), and

θ ∈ [0,π] is the angle (rad) between the transverse direc-

tion determined by the tissues’ anisotropy (x-axis) and the

direction determined by the four-electrode probe.

R
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Figure 1: Schematic illustrating of four-electrode probe

placed on the surface of the semi-infinite domain R3
−. Cur-

rent electrodes EI+,− (red), voltage electrodes EV+,− (blue).

θ ∈ [0,π] is the the angle measured with the probe (di-

rection shown in gray color) with respect to the transverse

(T) direction determined by the tissues’ anisotropy (x-axis).

Longitudinal (L) direction y-axis.

Next we present four methods for estimating both the lon-

gitudinal and transverse resistivity ρ̂{L,T} and reactivity

τ̂{L,T}, and the anisotropy ratio α̂2. The new methods use

(3) noisy apparent resistivity ρ
[m]
a (θ) and apparent reactiv-

ity τ
[m]
a (θ) data. The methods are identified as C1 to C4.
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Method C1: The apparent resistivity and apparent re-

activity are measured in two angles ρ
[m]
a (θ1), τ

[m]
a (θ1),

ρ
[m]
a (θ2), τ

[m]
a (θ2) with θ1 ⊥ θ2 and θ{1,2} ∈ R.

Assumption 1 The longitudinal and transverse directions

defined by the resistivity and reactivity are known

so that the measuring angle θ = φT when θ = 0.

Assumption 2 The measured angles θ{1,2} are the longi-

tudinal and transverse directions defined by the re-

sistivity and reactivity, i.e. θ1 = φL and θ2 = φT.

The anisotropy ratio α̂2, and the longitudinal and trans-

verse resistivity ρ̂{L,T} and reactivity τ̂{L,T} can be esti-

mated as follows




α̂2 := ρ̂a
2(φT)/ρ̂a

2(φL) or τ̂a
2(φT)/τ̂a

2(φL)
ρ̂L := α̂2ρ̂a(φL) and ρ̂T := ρ̂a(φT)/α̂
τ̂L := α̂2τ̂a(φL) and τ̂T := τ̂a(φT)/α̂.

(4)

Note that one can choose estimating anisotropy ratio α̂2

using ρ̂a or τ̂a. The choice of one or the other should be

based on the noise level of both the apparent resistivity and

apparent reactivity.

Method C2: The apparent resistivity and apparent re-

activity are measured two angles ρ
[m]
a (θ1), ρ

[m]
a (θ2),

τ
[m]
a (θ1), τ

[m]
a (θ2) with θ{1,2} ∈ R.

Assumption 1 Same as Assumption 1 in Method C1.

Assumption 2 The measuring angles θ{1,2} satisfy

tan2 θ1 , tan2 θ2.

The anisotropy ratio α̂2, and the longitudinal and trans-

verse resistivity ρ̂{L,T} and reactivity τ̂{L,T} can be esti-

mated as follows




α̂2 := 1+ ρ̂a
2(θ1)−ρ̂a

2(θ2)

ρ̂a
2(θ2)sin2 θ2−ρ̂a

2(θ1)sin2 θ1

or 1+ τ̂a
2(θ1)−τ̂a

2(θ2)

τ̂a
2(θ2)sin2 θ2−τ̂a

2(θ1)sin2 θ1

ρ̂L := 1
2 ∑

2
i=1 ρ̂a(θi)lα̂,θi

α̂

ρ̂T := 1
2 ∑

2
i=1 ρ̂a(θi)lα̂,θi

/α̂

τ̂L := 1
2 ∑

2
i=1 τ̂a(θi)lα̂,θi

α̂

τ̂T := 1
2 ∑

2
i=1 τ̂a(θi)lα̂,θi

/α̂.

(5)

The same observation as method C1 applies here when es-

timating α̂2.

Method C3: The apparent resistivity and apparent re-

activity are measured in D≥ 2 angles ρ
[m]
a (θd), τ

[m]
a (θd)

with θd ∈ [0,π).

Case 1: D = 2.

Assumption 1 Same as Assumption 1 in Method C1.

Assumption 2 Same as Assumption 2 in Method C2.

Case 2: D ≥ 3.

Assumption 1 Same as Assumption 1 in Method C1.

Method C3 is computed using the matrices M and N with

sizes D×2 and a vector b with size D×1, defined by

M :=




ρ̂a
2(θ1)cos2 θ1 ρ̂a

2(θ1)sin2 θ1

ρ̂a
2(θ2)cos2 θ2 ρ̂a

2(θ2)sin2 θ2

...
...

ρ̂a
2(θD)cos2 θD ρ̂a

2(θD)sin2 θD


 ,

N :=




τ̂a
2(θ1)cos2 θ1 τ̂a

2(θ1)sin2 θ1

τ̂a
2(θ2)cos2 θ2 τ̂a

2(θ2)sin2 θ2

...
...

τ̂a
2(θD)cos2 θD τ̂a

2(θD)sin2 θD




and b := [1 1 · · · 1]⊤ so that v̂ = [v̂1 v̂2]
⊤ and û =

[û1 û2]
⊤ can be obtained as v̂ = (M⊤M)−1M⊤b and û =

(N⊤N)−1N⊤b, respectively. The anisotropy ratio α̂2, lon-

gitudinal and transverse resistivity ρ̂{L,T} and reactivity

τ̂{L,T} can be estimated as follows
{

α̂2 := v̂2/v̂1 or û2/û1

ρ̂L :=
√

v̂2/v̂1 and ρ̂T := 1/
√

v̂2

τ̂L := −
√

û2/û1 and τ̂T := −1/
√

û2.
(6)

The same observation as method C1 applies here when es-

timating α̂2.

Simulation verification methods C1, C2 and C3

A comparison of methods C1 to C3 at 10 kHz is shown

in fig. 2. We use transverse resistivity ρT = 2.93 Ω m

and transverse relative permittivity εr,T = 2.59 · 104 (di-

mensionless) from skeletal muscle at 10 kHz [8]. The

anisotropy ratio is α2 = 0.5, and so the longitudinal resis-

tivity is ρL = 1.47 Ω m. We generated a vector of M = 10

apparent resistivity and reactivity measurements contain-

ing Gaussian additive noise of zero mean with a signal-to-

noise ratio (SNR) of 20 dB (MATLAB, The Mathworks,

Inc., Natick, MA).

Method C4: The apparent resistivity and apparent re-

activity are measured in D≥ 3 angles ρ
[m]
a (θd), τ

[m]
a (θd)

with θd ∈ [0,π).

Assumption 1 None

All previous methods assume θ = φT when θ = 0 and

consequently θ = φL when θ = π/2, see the x and y

axes in fig. 2. Therefore, methods C1 to C3 will give

inaccurate results if: (1), the experimental positioning

of the electrodes’ array with respect the anisotropy in

the impedivity of the tissue is inaccurate, or (2), the true

anisotropy on the impedivity is unknown.

The error caused by a misalignment of ξ is studied below

with the anisotropy ratio of muscle α2 = 0.1 [5]. When

a misalignment of ξ = 1◦ placing the four-electrode

probe with respect to the longitudinal and transverse

anisotropy directions, the relative error in the estimation

of the anisotropy ratio α̂2 is 0.3%. As the misalignment

increases, the error increases rapidly. These relative error

will increase the smaller α2. For example, the relative

error is 8% for ξ = 5◦, 31% for ξ = 10◦, and 71% for

ξ = 15◦.

Method C4 below does not need to align the four-electrode

probe in any direction. To do that, the complexity of the

apparent impedivity model includes the uncertainty in po-

sitioning the four-electrode probe:

κa(θ ,ξ ) =
κL

lα,θ ,ξ α
, (7)
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Figure 2: Representative polar plots using method C1 (A), method C2 (B), and method C3 (C). The longitudinal (L) and

transverse (T) resistivity ρ̂{L,T} (i) and reactivity τ̂{L,T} (ii) are estimated (in crosses) from M = 10 averaged apparent

resistivity ρ̂a(θ) and apparent reactivity τ̂a(θ) measurements (in circles). Method C1: ρ̂L = 1.35 Ω m, ρ̂T = 3.05 Ω m,

τ̂L = −0.06 Ω m, τ̂T = −0.12 Ω m; Method C2: ρ̂L = 1.51 Ω m, ρ̂T = 2.79 Ω m, τ̂L = −0.08 Ω m, τ̂T = −0.11 Ω m;

Method C3: ρ̂L = 1.51 Ω m, ρ̂T = 2.93 Ω m, τ̂L = −0.07 Ω m, τ̂T = −0.12 Ω m. The true longitudinal and transverse

resistivities (i) and reactivities (ii) are shown for comparison purposes in dash-dot and dotted circumferences, ρL = 1.46 Ω

m, ρT = 2.93 Ω m, τL =−0.06 Ω m and τT =−0.12 Ω m, respectively. In method C3, the solid black line is the adjusted

apparent resistivity (i) and reactivity (ii) and the shaded area represents its 99% confidence interval. As a convention, −τ
is shown. The units are Ω m.

where lα,θ ,ξ :=
√

cos2(θ −ξ )+α2 sin2(θ −ξ ) (dimen-

sionless) and ξ (rad) is defined as the angle between the

probe axis and the true anisotropy in the longitudinal and

transverse impedivity of the tissue. Method C4 is computed

using the matrices M and N with sizes D× 3 and a vector

b with size D×1, defined as

M :=




ρ̂a
2(θ1)cos2 θ1 ρ̂a

2(θ1)sin2 θ1 ρ̂a
2(θ1)cosθ1 sinθ1

ρ̂a
2(θ2)cos2 θ2 ρ̂a

2(θ2)sin2 θ2 ρ̂a
2(θ2)cosθ2 sinθ2

...
...

...

ρ̂a
2(θD)cos2 θD ρ̂a

2(θD)sin2 θD ρ̂a
2(θD)cosθD sinθD


 , (8)

N :=




τ̂a
2(θ1)cos2 θ1 τ̂a

2(θ1)sin2 θ1 τ̂a
2(θ1)cosθ1 sinθ1

τ̂a
2(θ2)cos2 θ2 τ̂a

2(θ2)sin2 θ2 τ̂a
2(θ2)cosθ2 sinθ2

...
...

...

τ̂a
2(θD)cos2 θD τ̂a

2(θD)sin2 θD τ̂a
2(θD)cosθD sinθD


 (9)

and b := [1 1 · · · 1]⊤ so that Π̂ΠΠ =
[
Π̂1 Π̂2 Π̂3

]⊤
and Σ̂ΣΣ =

[
Σ̂1 Σ̂2 Σ̂3

]⊤
can be calculated as Π̂ΠΠ = (M⊤M)−1M⊤b and

Σ̂ΣΣ = (N⊤N)−1N⊤b, respectively. Next, we can define the

following quantities

v̂1 :=

(
(Π̂1 + Π̂2)+

√
(Π̂1 − Π̂2)2 + Π̂2

3

)/
2, (10)

v̂2 :=

(
(Π̂1 + Π̂2)−

√
(Π̂1 − Π̂2)2 + Π̂2

3

)/
2, (11)

û1 :=

(
(Σ̂1 + Σ̂2)+

√
(Σ̂1 − Σ̂2)2 + Σ̂2

3

)/
2, and (12)

û2 :=

(
(Σ̂1 + Σ̂2)−

√
(Σ̂1 − Σ̂2)2 + Σ̂2

3

)/
2. (13)

The anisotropy ratio α̂2, longitudinal and transverse resis-

tivity ρ̂{L,T} and reactivity τ̂{L,T} can be estimated as fol-

lows





α̂2 := v̂2/v̂1 or û2/û1

ρ̂L :=
√

v̂2/v̂1 and ρ̂T := 1/
√

v̂2

τ̂L := −
√

û2/û1 and τ̂T := −1/
√

û2.
(14)

Experimental results

Impedance measuring devices and electrode matrix

We measured in situ impedance of muscle using SFB7 (Im-

pedimed Inc., Brisbane, Australia) between 10 kHz and 1

MHz (203 frequencies) with a custom made electrode ma-

trix. The electrode matrix was designed on a printed circuit

board (PCB) for in situ measurements. In PCB, 32 spring-

loaded pin type electrodes (Interconnect Devices Inc., ref.

S-100-T-6.7-G) were equipped so that the pin electrodes
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can contact with the non-regular surface of the sample tis-

sue. There are two concentric circles in the electrode ma-

trix with radii 15 and 20 mm giving a 8 different angles

θ{1,···,8} in [0, π].

In situ impedance measurements

We performed in situ experiments at the Animal Re-

search Facility of Beth Israel Deaconess Medical Center in

Boston, MA. Animals were measured postmortem, so this

study did not require Institutional Animal Care and Use

Committee approval. We measured healthy skeletal mus-

cle tissues in situ from freshly killed sheep (n = 3) at room

temperature (25 ◦C) within 30 minutes after the animals

were euthanized. We used a scalpel to expose large and

regular segments of medius gluteus muscles to reflect back

the overlying skin and subcutaneous fat. We gently press

the electrode matrix to ensure the electrical contact of all

the electrodes with the muscle.

Data analysis

The apparent impedance values (Ω) measured in situ were

normalized to impedivity values (Ω m) by calibration mea-

surements in reference saline solution. We plot the real and

imaginary parts of the complex permittivity ε := ε ′− jε ′′ =
εr − jσ/ωε0 (dimensionless) against the frequency to fa-

cilitate the comparison with other studies available in the

literature (fig. 3). Note that from the definition κ , we have

ε ′ =− τ

ωε0(ρ2 + τ2)
and ε ′′ =−ρε0

τ
. (15)

Below, we detail the data-driven approach to implement

method C4:

1. Measure apparent impedivity κa using (3).

2. Compute M and N using (8,9).

3. Compute Π̂ΠΠ = (M⊤M)−1M⊤b

and Σ̂ΣΣ = (N⊤N)−1N⊤b

where b = [1 1 · · · 1]⊤.

4. Compute v̂1, v̂2, û1, û2 using (10-13).

5. Obtain α̂2, ρ̂L, ρ̂T, τ̂L, τ̂T using (14).

6. Obtain complex permittivity ε ′ and ε ′′ using (15).

Discussion

Here, we provided electrical impedance methods for esti-

mating the conductivity and relative permittivity properties

of anisotropic biological tissues using electrical impedance

technique. In particular, method C4 does not require to

align four-electrode probe in any preferred direction and

can be applied to measure anisotropy changes in diseased

muscle, e.g. to detect the loss of anisotropy in dystrophic

muscle [9]. Future work will focus on extending the exist-

ing methods when the anisotropy of the conductivity and

relative permittivity are different, i.e. α2
, β 2.
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